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Introduction

Minimum Variance Portfolio
ACB

PACB

Models with time-varying betas

Yy = Brvig At A Bpirp +Ur
vy = gt77t79t2 = V(yt|Qt—1)

Simple but useful in finance.
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Introduction

Tracking portfolios by Blasques, Francq and Laurent (JoE,
2024)

Six factors model:

ye =Bcste + Burr MKT, + Bsnvip,t SM By + Banvp  HM L,
+Bruw, e RMW, + BonmatCM A + Briom, e MOM; + vy

Zypagt =Buir i1t MK Tiv1 + BsmB,e410SM Birv1 + Bumr,er1eHM Lyt
+BrMW, 1t BMWii1 + Bonrair1:CM Avvr + Bavrons, i1t MO M4

We seek for the model with the smallest sample mean squared tracking
error (MSE) TEk,t—i—l = %Z?:l (yt+1 - Zt+1|t)2-
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Introduction

Precision matrix Et__ll‘t = B;G;lBt by Darolles, Francq

and Laurent (2018, JoE)

Step 1 y1: = Bro+g11eme
Step 20 yo; = Bao + Boryis + G227,
Step 3: w3 = B30+ B31y1e + B32,.Y2,t + 933,413t

1
1 0 0 1 gi1,t 1 0
B; = | P21 1 0 G =10 4~ 0
—B31,6 Bz 1 0 1
g33,t
2 2

L Ba1,4 + B, _ Baie _ Baie

gii,t g22,t 933,t 922,t2 933,t

Zt_l = _ Boie 1 Biae  Bsz

g22,t g22.t 933,t 933,t

_ Bsi,e _ Bs2,t 1
933,t 933,t 933,
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Introduction

Time-varying betas: v = B1421+ + -+ + BprZps + vt
Example 1 (Rolling windows):
Y = Pra1g + -+ Bpwps + vy
Example 2 (Interaction variables):
Bit = @i +M,i%1,0-1F  + Vqi%qt—1-
Example 3 (State Space - RW Model):
Bit = Bit—1 + Oiui g,

where 6; > 0, u;; i N(0,1) Vi and w; ¢ Lujy Vi # j.
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Introduction

Time-varying betas: v = B1 214+ -+ - + BpiZps + vy

Example 4 (Dynamic conditional betas):

Engle (2016) shows that (y;,x;), t =1,...,T, is a vector of 1 +p
random variables, assumed to be conditionally Gaussian

Yt 1 Yyt Dyat
F_ 1 ~N Yt , vy, yz, .
< Tt ) | =t (( th > ( Zwy,t Zngﬁ ))

Thus yt‘mt ~ N (Mm + EUT tzxaz t( Ty — /’Lﬂvt)’ zyy,t - ZUIE tza:w tzﬂht)

= B = X, 3,,. can be obtained by first estimating a DCC GARCH

model on (i, z¢) - NOT a natural way to specify the parameter
dynamics !
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Minimum Variance Portfolio

Minimum Variance Portfolio

* _ * *
O W1 = (wt-i-l,la .. 7wt+l,n)

sho
o GMVP: w}, | = ﬁ,uw;l =1
o Daily returns on 50 US stocks from 2005-02-28 to 2024-12-31,
i.e. 4,991 observations.

o Last 1,000 observations as test period.
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Introduction

Minimum Variance Portfolio
ACB

PACB

Weights GMVP - Empirical Cov on 100 days
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Introduction

Minimum Variance Portfolio
ACB

PACB

Weights GMVP - DCC
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Introduction

Minimum Variance Portfolio
ACB

PACB

Weights GMVP - DECO
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Minimum Variance Portfolio

Minimum Variance Portfolio

o Dynamic version of Kempf and Memmel (2006):
yr = X{Bt + e,

o where yy =g, Xe = (L7t — Tty o Tt — Tn—14) -

° wiiy; = By Vi=1,...,n—1and

-1
Wfﬂ,n =1- Z?:l 5t+1|t,j-
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Introduction

Minimum Variance Portfolio
ACB

PACB

Weights GMVP - Lasso (CV,

5 folds)
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Introduction

Minimum Variance Portfolio
ACB

PACB

Weights GMVP - Autometrics at 1%
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Minimum Variance Portfolio

Models with the smallest sample mean squared tracking
error

0x 10.04 (mac0S_64/Parallel) (C) J.A. Doornik, 1994-2025 (oxlang.dev)
Copyright for this package: Peter R. Hansen, Asger Lunde and Sébastien Laurent
MulCom package version 3.01, object created on 22-02-2026

—————— MODEL CONFIDENCE SET ESTIMATION ------

Number of models: 1=5

Sample size: n=1000

Loss function: ident

Test Statistic: Range

Resample by: BlockBootResamp

Bootstrap parameters: B=10000 (resamples), d=5 (block length)

Model Name ident(x10~3)  MCS p-val.
Lasso-KM 0.61429 1.0000 *
Auto-KM 0.62263 0.1898 **
DCcC 0.65128 0.1898 *x*
DECO 0.91946 0.0000
Cov_100 0.93566 0.0000
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Minimum Variance Portfolio

Models with the smallest sample mean squared tracking

error

Method 4 Assets # TV weights Var x10° p-value TOunn
Lasso 32 0 0.61429  1.0000 0.0910
Auto 29 0 0.62263  0.1898 0.0602
DCC 50 50 0.65128 0.1898 76.1992
COov100 50 50 0.91946  0.0000 86.6967
DECO 50 50 0.93566  0.0000 45.2824

Note: The number of assets receiving a non-zero portfolio weight for each
strategy is reported in the second column (F# Assets). The third column (#
TV weights) reports the number of time-varying weights. The fourth column
reports the empirical variance of the portfolios while the last column is the p-

value of the MCS test.
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ACB

The ACB model

Blasques, Francq and Laurent (JoE, 2024) (BFL) propose the
Autoregressive Conditional Beta (ACB) model

Yt = Brri+ -+ Bpip: + vty = gtMt,

with regressors x; = (z14,. .. ,xm)T and exogenous variables
_ T
Zt = (Zl,ta e 7zq,t) .
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ACB

The ACB model

Blasques, Francq and Laurent (JoE, 2024) (BFL) propose the
Autoregressive Conditional Beta (ACB) model

Yt = Brri+ -+ Bpip: + vty = gtMt,
2 _ 2
gi11 = wo + agv; + Pogi
with regressors x; :T (@14, ... ,xm)T and exogenous variables
Zt = (Zl,ta e 7zq,t) .
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ACB

The ACB model

Blasques, Francq and Laurent (JoE, 2024) (BFL) propose the
Autoregressive Conditional Beta (ACB) model

Yt = Brri+ -+ Bpip: + vty = gtMt,
91 wo + ooty + ﬁogtz :
Bit+1 = Woi + fszg + coiBit + Yo1,421,6 + - - -+ V0q,i%g,t5

with regressors x; = (z14,. .. ,xm)T and exogenous variables
_ T
Zt = (Zl,ta e 7zq,t) .
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ACB

Score Driven models

Assume that y; follows a conditional density p(vy¢|fi, Fi—1,6),
where f; is a time-varying parameter of interest.

dlog p(ye| fr Fe—1,0)
A

where @, £ and ¢ are unknown parameters and S(f;) is the inverse

of the conditional information matrix.

fir1 =w +ES(fr) + cft,

— The scaled score is the updating mechanism in this approach.
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Applying the SD approach for the beta parameters

Let us define a SD model for S;; in the regression model

Yt = Prxie + - -+ BprZpt + vt

where v; = g, g2 = Ey_102, ny iid N(0,1). Let By 12 = py
and Et,lx?t = giQt + ,u?t.

’L)2
We have [; := log p(y¢| Fi—1,0) =~ —% {f + 10g9t2} )
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ACB

Applying the SD approach for the beta parameters

Let us define a SD model for S;; in the regression model
Yt = Prxie + - -+ BprZpt + vt

where v, = giny, gf = Er—107, my iid N(0,1). Let Ey_qzi = it
and Et,la:?t = 91'215 + ,u?t.

’L)2
We have [; := log p(y¢| Fi—1,0) =~ —% {f + 10g9t2} )

0lt Vit a2lt > - gt2

Ui gy = — (B o) =
0Bt g? (Bi) < o926, w2+ gz

Sébastien Laurent Autoregressive conditional betas



ACB

Applying the SD approach for the beta parameters

Let us define a SD model for S;; in the regression model
Yt = Prxie + - -+ BprZpt + vt

where v, = giny, gf = Er—107, my iid N(0,1). Let Ey_qzi = it
and Et,la:?t = 91'215 + ,u?t.

’L)2
We have [; := log p(y¢| Fi—1,0) =~ —% {f + 10g9t2} )

0lt Vit < a2lt >_1 gt2
=t 8B =~ (Bingr ) = ot
0Bt g? (Bi) o926, w2+ gz

Therefore the updating mechanism Ol — it
P & S(ﬂlt) Bt /Lft+gft
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Introduction

Minimum Variance Portfolio
ACB

PACB

Weights GMVP - ACB
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PACB

Unidentifiability of the constant betas

UVt t
Bit+1 = @0, +&0,i—5 5 + C0,ibit
04 T it

Bi+ is constant if and only if

&oi = 0.

Note that when this relation holds the parameter c¢g; is not well
defined because the model remains the same for all values of
(wio, COi) such that wio/(l — C(),L') is fixed:

Ut ¢

Bi = woi + 0 ——5 + coifi
3i+91'2,t

Sébastien Laurent Autoregressive conditional betas



PACB

Selection with time-varying betas and conditional variance

The Penalized ACB (PACB) enables variable selection with
time-varying conditional betas and time-varying conditional
variance:

Yt = Brexre+ o+ BpiTpt + v, v = G, g; is GARCH
goal: for each regressor, the conditional betas is either
o time-varying, i.e., 3;; # B;Vt;

o constant, i.e., i+ = f3; #0;
o ornull,ie, 8= p5 =0.
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Introduction
Minimum Variance Portfolio

Weights GMVP - PACB
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Introduction

Minimum Variance Portfolio
ACB

PACB

Turnover TO; = Z 1 Wit — Wi

085 — PACB  —- DCC - Auto
- ACB e DECO  —- Lasso
covioo
080 A
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I
075 A F I :
i '-""' r\'\f' ‘\ i ﬂ"@'\
070 i W‘ hi.‘ ! “"l 4
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MCS test

PACB

0x 10.04 (mac0S_64/Parallel) (C) J.A. Doornik, 1994-2025 (oxlang.dev)
Copyright for this package: Peter R. Hansen, Asger Lunde and Sébastien Laurent
MulCom package version 3.01, object created on 22-02-2026

—————— MODEL CONFIDENCE SET ESTIMATION

Number of models:
Sample size:

Loss function:

Test Statistic:
Resample by:
Bootstrap parameters:

Model Name
PACB-KM

1=7

n=1000

ident

Range
BlockBootResamp

B=10000 (resamples), d=5 (block length)

ident (¥1073)
.53868

o

MCS p-val.

1.

0000 *

Lasso-KM
Auto-KM
ACB-KM
DCC

DECO
COvV100
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PACB

Models with the smallest sample mean squared tracking

error

Method  # Assets # TV weights Var x10° p-value TOunn
PACB 15 2 0.53868  1.0000 1.7063
Lasso 32 0 0.61429  0.0000 0.0910
Auto 29 0 0.62263  0.0000 0.0602
ACB 50 50 0.64079  0.0086 23.6574
DCC 50 50 0.65128 0.0000 76.1992
COV100 50 50 0.91946  0.0000 86.6967
DECO 50 50 0.93566 0.0000 45.2824

Annualized TO: T Oy, = 252 x

Sébastien Laurent
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Introduction

Minimum Variance Portfolio
ACB

PACB

Second application: BP (British Petroleum)

We regress daily returns of BP on nine sector ETFs.

Autometrics Post-Lasso
0.95- 0.95-
0.90 0.90
0.85F 0.85F
0.801- 0.801

, . . \ \ , , \ \ , , \ , ,
2010 2012 2014 2016 2018 2020 2022 2024 2010 2012 2014 2016 2018 2020 2022 2024
1.0 Full-QMLE Post-NLShoot

T e

0.5

0.0 ¥
| —— Constant XLB
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i r XLI XLK

-0.5}- —— XLP XLU
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Introduction

Minimum Variance Portfolio
ACB

PACB

The case of BP (British Petroleum) - Oil & Gas sector

0.100F [— XLF 95% CB

0.075

0.050

0.025

2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023

— XLE 95% CB i

L L L L L L L L L L L L L
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PACB

OxMetrics 10

= File View Model Test Run

Applications

L]

45 Sample size n=3300
= 46 Loss function: ident
MR~ cercH 47 Test Statisti Range
(i Wi 48 Resample by: BlockBootResarmp
volatility 49 Bootstrap parameters: B=10000 (resamples), d=5 (block length)

> PeGive

ultiplicative

B Model Name ident(*10A3)  MCS p-val.
1.55400  0.8447 *
1.59653  0.1009 **
1.54805 1.0000 *
1.65560  0.0015
1.64052
1.55421

ARFIMA 1.56102

iate

Level 0.1 Model Confidence Set
> PcNaive
> Ox Apps Model Name ident(*10A3)  MCS p-val.
1.55400  0.8447 *
1.59653
1.54805
SS_RW 1.55421

This output produced on 29-03-2026, 19:00:38
Time elapsed: 1.68
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PACB

GORCH

v/ Formulate - MG@RCH

€ us50_logreturns_with_ff_factors.xlsx
Status Name Lags — +
AAPL
MSFT
INTC
csco
IBM

n]
O
O
O
O
O
O
O

5| Select variables or start typing

Add with ' nolag lag 0 lags 0-0

CONTINUE
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PACB

GORCH

v/ Settings

Model
Scalar-BEKK
Diag-BEKK
RiskMetrics
ccc

DCC (ENGLE)
DCC (TSE and TSUI)
DCC-DECO
cbcC

ADCC

cADCC
OGARCH
GOGARCH ML

GOGARCH NLS
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Introduction
Minimum Variance Portfolio

ACB
PACB
Correlation
0.7
o] 06
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PACB

OxML

+  Machine Learning Method

Choose Model Linear Model

v Options
Class Penalized Linear Models

Regression Generalized Additive Model

Classification Tree Models
Data Artificial Neural Network
Cross Section
Time Series
Save the hyperparameters
Comment

If t the rameters’ option is selected, a ne
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